We study two models of quantum absorption refrigerators with the main focus on discerning the role of noise-induced coherence on their thermodynamic performance. Analogously to the previous studies on quantum heat engines we find the increase in the cooling power due to the mechanism of noise-induced coherence. We formulate conditions imposed on the microscopic parameters of the models under which they can be equivalently described by classical stochastic processes and compare the performance of the two classes of fridges (effectively classical vs. truly quantum). We find that the enhanced performance is observed already for the effectively classical systems, with no significant qualitative change in the quantum cases, which suggests that the noise-induced-coherence enhancement mechanism is caused by static interference phenomena.
Introduction
The quantum coherence can be either used as a fuel of quantum heat engines [1, 2] or as an ingredient of non-equilibrium reservoirs which may yield efficiencies of thermodynamic machines exceeding the second law bounds [3, 4, 5] . The common feature of all these approaches is that once the work needed to create the coherence is taken into account, the resulting thermodynamic efficiency becomes at best the one dictated by the second law.
In a recent series of papers, Scully et al. [6, 7, 8, 9] reported a surprising enhancement of the thermodynamic performance (in particular the power output) of quantum heat engines with (nearly) degenerate levels, where the coherence is created 'for free' just by connecting the system simultaneously to several different thermal environments. They named the mechanism the noise-induced coherence. This mechanism directed increased attention of the quantum thermodynamics community to quantum heat engines [10, 11, 12, 13, 14, 15] and raised many questions concerning its exact origin. Subsequent study [16] addressed the status of the used quantum optical master equation and found similar effects using just a Pauli rate equation, describing the working principle of Scully's model by a purely classical stochastic process (master equation where the coherences decouple from populations was derived after performing a polaron transformation). Recently, another study appeared treating a further refined model numerically, considering also nonMarkovian effects due to the coupling of the system to a highly correlated environment [17] . Still, the exact mechanism of the effect remains somewhat unclear which makes it difficult to predict if it will be relevant in other setups and what the essential ingredients of such setups might be. In particular, to the best of our knowledge, this mechanism has not been considered in the framework of quantum refrigerators.
In this paper, we quite systematically address the presence and relevance of the noise-induced coherence in two model systems of quantum absorption refrigerators. 1 In particular, we focus in detail on the following problem: Is the noise-induced coherence described by Scully and coworkers a true quantum effect, or can it be always equivalently described by a Pauli master equation? In the two models, we first study when the quantum optical master equation can be recast into a form in which coherences decouple from populations, i.e. into the form of a Pauli master equation. We formulate microscopic conditions for which such a procedure is feasible. After that, using the Leggett-Garg inequalities [25], we put under a thorough test of quantumness the models which cannot be equivalently described as classical and, furthermore, we compare thermodynamic behavior and performance of the two classes of models -those which are effectively classical and the true quantum ones.
The outline of the paper is as follows. In Sec. 2 we derive the optical master equation for systems with (nearly) degenerate energy levels with a special focus on conditions under which this master equation can be used. As far as we know, such a precise derivation is still missing in the literature leading to erroneous usage of the master equations in parameter regimes beyond the scope of their validity [16] . In Sec. 3 we introduce the two model refrigerators and in Sec. 4 and Appendix A we apply to them various criteria of quantumness. In Sec. 5 we introduce thermodynamic quantities and a thermodynamic description of the two models which we then study in detail both analytically and numerically in Sec. 6 . Finally, we conclude our findings in Sec. 7.
2 Optical master equation for systems with (nearly) degenerate energy levels
Redfield master equation
Consider the V-type three level system with nearly degenerate upper energy levels depicted in Fig. 1 in contact with a thermal environment in the form of a black body radiation field. The Hamiltonian of the system and the radiation,
is composed of three terms: the system Hamiltonian H S = E 1 |1 1| + E 2 |2 2|, the radiation bath Hamiltonian H B = h ∑ k ν kâ † kâ k and the coupling Hamiltonian H SB = |e|r ·Ê 1 In the quantum realm, the concept of absorption refrigerators, invented in 1858 by F. Carré, experienced a renaissance initiated by Levy and Kosloff [18] (see for example Refs. [19, 20, 21, 22, 23, 24] ). In all these studies, a specific model of quantum absorption refrigerator is investigated which cannot be mapped to the models considered by us. Inasmuch as we are aware, no model of absorption refrigerator which would contain degenerate energy levels and utilize the effect of noiseinduced coherence has been studied in the literature yet.
Fig. 1 V-type system used for deriving the quantum optical master equation (12)- (15) . The upper doublet is not perfectly degenerate,
Only transitions depicted by the arrows are allowed.
describing the interaction of light and matter in the electric dipole approximation. We assume that the coupling between the system and the reservoir is weak and that the relaxation time of the reservoir, τ R , is much shorter than the relaxation time of the system, τ S . Then the dynamics of the density matrix of the system alone ρ = ρ(t), which can be calculated by tracing the full density matrix over the reservoir degrees of freedom, can be described up to the second order in the systemreservoir coupling strength by the so called Redfield master equation [26] , [27] . In the interaction picture, this readṡ
Here ω and ω ′ run over all allowed transition frequencies in the system (for the V-type model ±E 1 /h, ±E 2 /h), S(ω) denotes the Lamb and Stark shift terms and
where the function
gives the mean number of photons with frequency ω in the reservoir at temperature T . In Eqs. (3) and (4),h stands for the Planck constant, c the speed of light, ε 0 the vacuum permittivity, and k B the Boltzmann constant. The symbol Θ (ω) in Eq. (3) denotes the unit-step (Heaviside) function. The vector operators A(ω) = A † (−ω) in Eq. (2) are determined by allowed transitions in the system. For the Vtype model of Fig. 1 they read A(E 1 /h) = g 1 |3 1| and A(E 2 /h) = g 2 |3 2|. The generally complex-valued vectors g 1,2 stand for elements e 1|r |3 and e 2|r |3 of the system electric dipole moment (with e > 0 being the elementary charge), respectively.
The Redfield master equation is a Markovian master equation which is not of the Lindblad type and thus it in general does not preserve the positivity of the density matrix. Hence, before using this master equation, one usually brings it to the Lindblad form by further performing the so called rotating wave approximation (RWA) where all summands on the right hand side of Eq. (2) with ω = ω ′ are neglected. The RWA approximation can be performed if the individual levels are well spaced such that the time-scales given by differences in the transition frequencies, τ RWA = |ω − ω ′ | −1 , are much shorter than the relaxation time of the system, τ S .
Another frequent approximation lies in neglecting the Lamb and Stark shift terms S(ω). This approximation is reasonable since the Lamb and Stark shift terms are usually very small (for example for hydrogen the Lamb shift is of the order 10 9 s −1 [28] while typical optical transition frequencies are of the order of 10 14 − 10 15 s −1 ) and must be taken into account only in higher orders in the systemreservoir coupling strength. One example where the calculation is performed without dropping the Lamb and Stark shift terms is Ref. [29] , where the authors investigate transport through a degenerate quantum dot. Different from Planck's spectral density ω 3 /[exp(βhω) − 1] used here (β ≡ 1/k B T ), the authors of the study [29] use the Ohmic spectral density ω/(exp[βhω] + 1) which leads to weaker divergences in the Lamb and Stark shift terms.
If the system contains close energy levels resulting in close transition frequencies |ω −ω ′ | −1 = 1/∆ ≈ τ S , the above approximations must be taken with care. First, the RWA approximation should be performed only in terms where |ω − ω ′ | −1 ≪ τ S . This approximation is usually called the secular approximation [29] and it leaves on the right hand side of Eq. (2) the slowly rotating terms proportional to exp(±i∆t). In case of a non-perfect degeneracy (∆ = 0), these terms cause several mathematical problems. First, the resulting master equation is still of the Redfield type and thus it does not preserve positivity of the system density matrix [16] . Second, the resulting master equation in the Schrödinger picture contains terms proportional to ∆ . These terms can have similar magnitude as the Lamb and Stark shift terms and also the higher-order terms in the system-reservoir coupling. In order to account for a non-zero ∆ correctly, one thus should not neglect the Lamb and Stark shift terms and should go beyond the week coupling Markov approximation of Eq. (2) at the same time. To sum up, Eq. (2) cannot be expected to give reasonable results for systems with close, but nondegenerate energy levels. In our analysis, we will thus always assume that the close energy levels are perfectly degenerate in which case there are no problems present.
Summary of assumptions
To sum up, for the derivation of the master equation for the V-type system with degenerate energy levels in the next subsection, we assume that the following separation of timescales occurs in the compound system composed of the system and reservoir:
(6) Here τ S denotes the relaxation time of the system which is determined by the inverse maximum transition rate in the rate equation, τ R denotes the relaxation time of the reservoir which is roughly given by τ R =h/(k B T ) [26, 27, 30] , and τ RWA is determined by the smallest nonzero transition frequency in the system. The condition (5) is necessary for the validity of the Markov approximation and the condition (6) justifies usage of RWA approximation as described in Sec. 2.1.
The inequalities (5) and (6) reduce the space of allowed parameters for the models based on the resulting master equation. The time scales τ R and τ RWA depend only on reservoir temperature and on the structure of energy levels of the system. Thus they can be determined a priori before the master equation is derived. On the other hand, the system relaxation time τ S must be calculated a posteriori from the transition rates of the resulting master equation. The validity of inequalities (5) and (6) thus should be checked for every set of parameters separately 2 .
In addition to the described time scale separation, we assume that the system-bath coupling is weak (we use the second order approximation in the coupling strength), we neglect the Lamb and Stark shift terms and we assume that the closely-lying energy levels are actually degenerate.
Master equation for the V-type system with degenerate levels
Using these assumptions, the Redfield equation for the Vtype model of Fig. 1 with degenerate upper doublet (∆ = 0) results in the following set of coupled differential equations for the individual elements ρ i j ≡ ρ i j (t) ≡ i|ρ(t)| j of the system density matrix in the Schrödinger picture:
2 Let us note that Dorfman et al. [9] used the rotating wave approximation while assuming a ∆ of the same order as the standard transition frequencies between the energy levels in their numerical examples (see Table 1 in Ref. [9] ).
The condition E 1 = E 2 implies f 13 = f 23 and f 31 = f 32 . The structure of the equations guarantees the necessary condition ρ 12 = ρ * 21 . The magnitude γ 12 of the coupling parameter γ c 12 ≡ γ 12 e iφ controls how strongly the coherence ρ 12 couples to populations. Using it we can get rid of the superfluous phase φ and simplify the above system into a more compact forṁ
with real ρ R ≡ ρ 12 e −iφ = ρ 21 e iφ . The coupling γ 12 can attain any value from the interval [0, √ γ 1 γ 2 ] depending on the angle between the vectors g 1 and g 2 . In accord with the nomenclature used in the studies [6, 7, 8, 9 ], we will from now on call the case of the maximum value of the coupling parameter γ 12 = √ γ 1 γ 2 as the limit of maximum coherence and the limit of the zero value of the coupling parameter γ 12 = 0 as the classical or no-coherence limit.
Equations (12)- (15) are sufficient to describe the dynamics of populations of the system and the energy currents throughout the system. The dynamics of the elements of the density matrix which are not contained in the above equations is trivial.
Due to the linear nature of the Redfield equation (2), using the formulas (12)- (15) one can write an analogous master equation for an arbitrary system containing pairs of degenerate levels where the individual transitions are coupled to an arbitrary number of independent reservoirs at different temperatures given that the assumptions described in Sec. 2.2 are fulfilled. It is enough to write the dynamical equations for all V-type, Λ -type and two-level subsystems (dynamical equations for a two-level system can be obtained from Eqs. (12)- (15) if one forbids one of the transitions, i.e. after setting g 1 = 0 or g 2 = 0) composing the whole system in question and then sum up these sub-equations 3 . While the long-time solution of the resulting dynamical equation for a system coupled to a set of reservoirs at the same temperature is always given by the Boltzmann distribution where coherences vanish, the system attains a nontrivial steady state with nonzero coherences in case it is coupled at least to two reservoirs at different temperatures [6, 7, 8, 9, 29] .
In the studies [6, 7, 8, 9] it was suggested that the coherence induced by the temperature gradient, the so called noise-induced coherence, can be utilized to enhance the output power of quantum heat engines. In what follows, we introduce two models of absorption refrigerators whose performance may be also enhanced by the noise-induced coherence. After these models are introduced, we first investigate whether the effect of the noise-induced coherence in these systems is a true quantum effect which can not be emulated by a classical stochastic system. Then, we discuss whether the cooling flux in the refrigerators can be enhanced by the noise-induced coherence similarly as the output power of heat engines in Refs. [6, 7, 8, 9 ].
Refrigerators: Definitions of two models
Consider the two types of absorption refrigerators depicted by general thermodynamic diagrams in Figs. 2b and 2c. For both types of the refrigerators we assume the structure of energy levels of the working medium (system) depicted in Fig. 2a . Both refrigerators are coupled to three reservoirs at the temperatures T c < T m < T h (cold-medium-hot) and use the temperature gradient T h − T m to cool the coldest bath. The reservoir at T h thus serves as an energy source of the fridge and the reservoir at T m is an entropy sink which collects the heat coming both from the hot and cold baths (see the arrows in Figs. 2b and 2c) .
The allowed transitions between the individual levels of the system are in Fig. 2a depicted by the colored arrows. For the A-type refrigerator, we assume that the transitions depicted by the individual colors are caused by the photons coming from heat reservoirs depicted by the same color in Fig. 2b . Naturally, if one would just couple the system to all three reservoirs, each of them would be in principle able to trigger all possible transitions. The selective coupling of the individual reservoirs to the specific transitions can be achieved only by using a suitable spectral filter which would allow the individual colored baths in Fig. 2b to interact solely with the correspondingly colored transitions in Fig. 2a . In practice, such a filter would have a non-zero temperature and thus it would also trigger transitions in the system. For the A-type refrigerator we assume that the filter temperature is vanishingly small and thus it cannot cause any transition. At a first glance, such a refrigerator cheats a bit, because in fact it contains an additional reservoir at a lower temperature than that of the cold bath. In such a case, one actually does not need the fridge to cool the cold bath, it would be enough to connect it directly to the lowtemperature filter.
Although the A-type fridge model suffers from the abovediscussed issue with the coupling to the reservoirs, such a selective coupling is standardly assumed in the literature (see for example [6, 7, 8, 9, 31] ). However, in those studies it is assumed that the system is composed of several interacting subsystems which are coupled to the individual reservoirs. In this case, one does not need to consider a filter in order to reason for the selective coupling. In the following, we will thus assume that the working medium (system) of the Atype fridge is of this kind, i.e. that it is composed of several subsystems each coupled to the individual bath.
To introduce also a more realistic fridge with a working medium consisting of a single system, we assume that the filter in the B-type fridge of Fig. 2c actually represents the reservoir at the temperature T m . This means that all the transitions in the system can be induced by this bath. In addition to this, the red and blue transitions in Fig. 2a can be triggered by the hot bath (T h ) and by the cold bath (T c ), respectively.
In Fig. 2a , the individual parameters γ 1m , γ 2m , γ 1h , γ 2h and γ c denote squared magnitudes of the electric dipole moment elements corresponding to the given transitions. The system is composed of two V-type systems |3 -|1 -|2 and |4 -|1 -|2 and one two-level system |3 -|4 . We thus have two parameters measuring the coupling of the coherence ρ 12 to the populations. The first one, γ 12m ∈ [0, √ γ 1m γ 2m ], stems from the V-type system |3 -|1 -|2 and the second one, γ 12h ∈ [0, √ γ 1h γ 2h ], corresponds to the second V-type system |4 -|1 -|2 . For the A-type refrigerator, the mean number of photons n(ω) corresponding to the individual transitions can be obtained just by using the temperatures of the corresponding reservoirs in Eq. (4). For the B-type refrigerator, the mean number of photons for a given transition is given by the sum over n(ω) corresponding to the individual reservoirs causing the transition. For example, for the tran-
Using these parameters and formulas (12)- (15) one can write rate equations for the constituent 2-and 3-level subsystems of the full refrigerator model. For the sake of simplicity, we consider only the situation where the phases φ corresponding to the two 3-level subsystems equal and thus one can still use a single ρ R ≡ ρ 12 e −iφ = ρ 21 e iφ . Summing up the resulting equations, one obtains the total rate equation for the whole refrigerator. The resulting master equation for the system depicted in Fig. 2a reads:
Different from Eqs. (12)- (15) we now write the transition rates using the average number of photons n i corresponding to the individual transitions and the redefined parame- Fig. 3 Scheme of the transition rates in the working medium of the two refrigerators depicted in Fig. 2 in the transformed basis where coherences decouple from populations.
tersγ i =γ(ω) = |ω| 3 γ i /(6πhε 0 c 3 ), where ω denotes the frequency of the corresponding transition. For exampleγ 1m = (ω 1 − ω 3 ) 3 γ 1m /(6πhε 0 c 3 ) and similarly for other parametersγ. For the A-type fridge, we obtain the average photon numbers n h = n(ω 14 , T h ), n m = n(ω 13 , T m ) and n c = n(ω 43 , T c ), where ω i j ≡ (E i − E j )/h. For the B-type fridge, the coefficient n m is the same as for the A-type fridge and the coefficients n h and n c differ due to the omnipresent action of the reservoir at T m , n h = n(ω 14 , T m ) + n(ω 14 , T h ) and n c = n(ω 43 , T c ) + n(ω 43 , T m ).
To close this section, we note that in order to calculate the steady-state density matrix ρ, it is advantageous to rewrite the system (16)- (20) in the matrix forṁ
where the matrix L contains the individual transition rates from Eqs. (16)- (20) and the vector ρ = ρ(t) contains the matrix elements in question, ρ = (ρ 11 , ρ 22 , ρ 33 , ρ 44 , ρ R ) T . Having described the master equation for the two fridges, let us now discuss to what extent this master equation describes a pure quantum process.
4 To be or not to be quantum: Change of the basis An important implication of the degeneracy of the levels |1 and |2 is that there is no a priory choice of the basis in the subspace |1 , |2 . The main aim of this subsection is to investigate whether one can find a basis in which the "quantum" terms coupling the populations ρ ii to the coherence ρ R in the master equation (16)- (20) would vanish. These terms are given by γ 12m = |g 1m · g * 2m | and γ 12h = |g 1h · g * 2h |, where g 1m = e 1|r |3 , g 2m = e 2|r |3 , g 1h = e 1|r |4 , and g 2h = e 2|r |4 . At this point, let us assume that the scalar products of the matrix elements of the dipole moment operator are real which allows us to consider only real coordinate transformations 4 . To sum up, we look for a new orthonormal basis |1 ′ = − sin θ |1 + cos θ |2 , |2 ′ = cosθ |1 + sin θ |2 which would give γ 1 ′ 2 ′ m = 0 and, simultaneously, γ 1 ′ 2 ′ h = 0 for γ 12m = 0 and γ 12h = 0. We find that in the new basis the constants γ 1h,m , γ 2h,m and γ 12h,m read
The transformation from the original basis {|1 , |2 } to the new one {|1 ′ , |2 ′ } manifests itself in Eqs. (16)- (20) If we rule out the unlikely case that (γ 1m − γ 2m )/γ 12m = (γ 1h − γ 2h )/γ 12h = 0, we find out that the two equations can be simultaneously solved with the same θ only if γ 1h = γ 2h (≡ γ h ) and γ 1m = γ 2m (≡ γ m ). The corresponding value of θ is π/4 and the transformed coefficients (22)- (24) read γ 1 ′ h,m = γ h,m − γ 12h,m , γ 2 ′ h,m = γ h,m + γ 12h,m , and γ 1 ′ 2 ′ h,m = 0 as required. The system in the transformed basis is depicted in Fig. 3 . It turns out that the coherence suppresses transitions to one of the transformed upper levels (subradiant; prefactors of the rate γ h,m − γ 12h,m ) and speeds up transitions to the other upper level (superradiant; prefactors of the rate γ h,m + γ 12h,m ).
In the transformed basis, the limit of maximum coherence γ 12h,m = γ h,m thus leads to complete decoupling of one of the upper levels from the rest of the system (formation of a dark state). As a result, there are two stationary solutions of the transformed system (16)- (20) . The first one, ρ = (1, 0, 0, 0, 0), corresponds to state |1 ′ which is fully decoupled from the reservoirs and consequently is called the dark state (as it cannot emit or absorb photons). The second stationary solution represents a standard non-equilibrium steady state in the subsystem formed by the levels |2 ′ ,|3 and |4 coupled to the three reservoirs. The decoupling of one of the upper levels from the rest of the system is a manifestation of a solely quantum effect of the Fano interference. It is interesting that the systems exhibiting this purely quantum effect (γ 1h,m = γ 2h,m = γ h,m and γ 12h = γ h,m ) and the corresponding classical system depicted in Fig. 3 exhibit the same dynamics (and thus also thermodynamics).
In cases γ 1h,m = γ 2h,m when the two coefficients γ 1 ′ 2 ′ h,m cannot be simultaneously nullified, one can still find a coordinate transformation in which the coherence vanishes in the steady state and thus the stationary density matrix is di-agonal. However, in such a case the populations and coherences are still coupled in the master equation and thus the dynamics of these systems can not be described by a classical stochastic process. Nevertheless, the finding of Fig. 3 that one of the transition channels is always enhanced by the coherences and the other one is suppressed is still valid. Only the suppression/enhancement depends in a more complicated way on the individual parameters of the model.
To sum up, we have found that the dynamics of the system depicted in Fig. 2a can be described by a classical stochastic process in case of equal magnitudes of the dipole moment elements corresponding to the individual transitions, γ 1h,m = γ 2h,m . For different magnitudes γ 1h,m = γ 2h,m and nonzero coefficients γ 12h,m the populations and coherences are always connected from the dynamical point of view. In Appendix A, we checked that a system exhibiting the noiseinduced coherence in the latter parameter regime does not break the stationary Legget-Garg inequalities [25,32] and thus it is not obvious whether it can be mimicked by a classical stochastic process, or not.
Having discussed possible issues concerning quantumness of the noise-induced coherence, let us now turn to the discussion of the thermodynamic properties of the refrigerators with degenerate energy levels.
Thermodynamics
Our aim in this section is to determine heat flows from the individual reservoirs coupled to a system containing V-type transitions depicted in Fig. 1 . To do this, we must first identify probability currents between the individual energy levels of this system. In the system of Fig. 1 , each of the upper levels is connected solely to the site |3 and thus the time derivatives of the upper-level populations are determined by the probability currents j 13 and j 23 from the site |3 to the individual sites |1 and |2 :ρ 11 = j 13 = − j 31 anḋ ρ 22 = j 23 = − j 32 , where (see Eqs. (12)- (15))
These probability currents coincide with the results of the analysis used in Ref. [29] . Comparing them with the classical formulas following from the Pauli equation, one may conclude that the effect of coherences is contained solely in the terms proportional to γ 12 . Nevertheless, in Eqs. (12)- (15) the non-diagonal elements of the density matrix influence also populations and thus such a simple partition of the current into a classical and a non-classical part is not possible. A way to compare the results of the models with and without noise-induced coherence is thus to compare solutions for nonzero γ 12 (dynamics with coherences) and γ 12 = 0 (classical dynamics).
Using the formulas (25) and (26) , one can write probability currents between arbitrary two-levels of the composite system of Fig. 2a . These currents can be also written comparing the master equation (16)- (20) with its current conserving counterparṫ
In the steady state, the condition that the system density matrix is constant in time (ρ i j = 0) together with the probability conservation implied by the structure of the master equation (27)- (30) give the continuity equation for the probability current throughout the system:
The positive direction of the probability current j is chosen counter-clockwise, i.e. from 3 to 4.
In case the system is coupled to more than one heat bath, one can identify probability currents corresponding to the heat flows form the individual reservoirs. For example consider the transition from level |4 to level |1 which is in the B-type fridge caused simultaneously by the bath at temperature T m and the bath at temperature T h , n h = n(ω 14 , T m ) + n(ω 14 , T h ). The part of the probability current j 14 caused by the bath at T x is then given by
and the corresponding heat flux into the system equals
Probability/heat fluxes corresponding to the other transitions in the system of Fig. 2a can be calculated analogously.
Having identified the heat fluxes corresponding to the individual transitions, it is straightforward to calculate total heat fluxes from the individual reservoirs to the system by summing the heat fluxes caused by these reservoirs for the individual transitions. Using the formulas (27)- (30) for the time derivativesρ ii , it is straightforward to show that this identification of heat fluxes is in accord with their traditional derivation via the first law [29, 33] 
Here U denotes the average internal energy of the system and q x is the total heat entering the system from the reservoir at temperature T x . We are interested in thermodynamic characterization of the two refrigerator models depicted in Fig. 2 . We assume that these refrigerators operate in a non-equilibrium steady state which is eventually reached by the system at long times after the transient relaxation period. In the steady state, the system density matrix is constant in time (ρ i j = 0), which implies the steady state version of the first law (34)U = q c + q m + q h = 0 together with the second law in terms of the total entropy produced per unit time, σ , solely determined by the entropy produced in the reservoirs as
For the figures of merit of the refrigerators we take the ratios q c /σ of the cooling heat flux from the cold bath to the total entropy production and q c /q h of the cooling flux to the net energy flux feeding the system. The second law inequality (35) together with the energy conservation impose an upper bound on q c /q h -using the condition q h > 0 one finds
6 Refrigerators: Results
Let us now investigate the above-defined quantities in the specific examples of the two refrigerators introduced in Fig. 2 . In the A-type fridge, each transition is caused by a single reservoir. According to Eq. (33), the energy/heat flux from the reservoir driving the specific transition is proportional to the product of energy difference and probability flux corresponding to this transition. The individual heat fluxes throughout the system are thus given by
where we have used Eq. (31), stationary version of Eq. (34), and the condition of the degeneracy of the levels E 1 = E 2 . All the heat fluxes throughout the system are thus proportional to the probability current j, which is the only quantity depending on the details of the system dynamics entering these fluxes. If j > 0, the energy/heat drawn from the coldest bath is positive and the system works as a refrigerator. The fact that all the heat currents are proportional to j implies that for the A-type fridge both efficiencies (figures of merit) depend solely on the energies of the individual levels and on the reservoir temperatures:
In particular, they do not depend on the values of the various rates γ.
For the B-type refrigerator, the full probability current j is for some of the transitions empowered by two different reservoirs. Using the notation of Eq. (33) and the associated argumentation, we find the following relations for the heat currents through the working medium of the B-type refrigerator:
Now, the cooling flux q c is not directly proportional to the probability current j and the efficiencies are complicated functions of the details of the system dynamics including the rates γ.
In order to calculate the stationary probability current j, one must determine the steady state density matrix ρ as the right eigenvector of the matrix L corresponding to the eigenvalue 0. While this can be found analytically for the both refrigerator models considered in this paper, the results are quite involved and we will not write them explicitly apart from certain limiting analytical results for the heat fluxes. In the general case we will just present numerical results graphically.
6.1 Cooling flux in the maximum coherence limit: approximate analytical study
In this subsection, we will focus on the behavior of the Atype fridge in the simplified case of equal magnitudes of the elements of the dipole moment corresponding to the individual transitions to the degenerate doublet, γ 1h,m = γ 2h,m = γ h,m . From the analysis in Sec. 4 it follows that in this case the cooling fluxes obtained in the both types of fridges in the classical limit (γ 12h,m = 0) and in the maximum coherence limit (γ 12h,m = γ h,m ) coincide. To see this, it is enough to realize that in the classical case there exist two parallel paths from state |3 to state |4 with identical transition rates (see Fig. 2a , while in the maximum coherence case there is just one route from |3 to |4 with doubled rates as compared to the classical situation.
The limit of maximum coherence hence does not yield any gain in the cooling flux as compared to the classical case. The situation changes if one does not set precisely γ 12h,m = γ h,m , but investigates the behavior of the cooling flux near this point. We find that this behavior is surprisingly complicated. The limit of the cooling flux γ 12h,m → γ h,m depends on the direction from which the point γ 12h,m = γ h,m is approached in the γ 12h,m plane (similar situation occurs in the studies [6, 7, 8, 9] ).
To see this, consider the parameter regime where n h ≫ n c ≫ n m and γ c → ∞ (first take n h → ∞, then γ c → ∞, then n c ≫ n m and finally n c ≫ 1). If we first set γ 12m = γ m and then calculate the limit γ 12h → γ h in this regime, we find that the resulting cooling flux is the same as in the classical limit:
On the other hand, if we first set γ 12h = γ h and then calculate the limit γ 12m → γ m , we find that the cooling flux is larger:
For large n c the ratio q c /q 0 c equals to 4/3 and thus the noiseinduced coherence enhances the cooling flux of the A-type fridge by ≈ 33%.
Consider once again the system in the transformed basis, where the dynamics is described by a classical stochastic process (see Fig. 3 ). As discussed above, one gains nothing by completely closing one of the transition channels from |3 to |4 and doubling transition rates for the other one. On the other hand, the formulas (45) and (46) demonstrate that an enhanced cooling flux can be obtained by closing just the transition channel between |1 ′ and |4 corresponding to the temperature T h (maximum coherence) and only almost closing the transition channel between |1 ′ and |3 corresponding to the temperature T m (nearly maximum coherence).
Similar behavior as described above occurs also for γ 1h,m = γ 2h,m and for the B-type fridge as demonstrated numerically in the next subsection.
6.2 Cooling flux in the maximum coherence limit: numerical study
In this subsection, we investigate whether the performance of both the A-type fridge and the B-type fridge can be enhanced by noise-induced coherence using reasonable values of physical parameters. In all the figures, we set T c = 34 K, T m = 35 K and T h = 5000 K for the reservoir temperatures and E 1 = E 2 = 0.01 eV, E 4 = 0.001 eV and E 3 = 0 eV for the energies of the individual levels. We also always take γ c = 10 4 γ 0 . The parameter γ 0 = (eÅ) 2 ≈ (5 Debye) 2 corresponds to a realistic value of the electric dipole element.
Using these constants, we investigate the behavior of the A-and B-type refrigerators in two regimes. In the first one, we set γ 1h = γ 2h = 5.7γ 0 and γ 1m = γ 2m = 7.5γ 0 thus enabling to find a new basis in which the system dynamics is described by a classical stochastic process (see Sec. 4). In the second regime, we take γ 1h = 5.7γ 0 , γ 2h = 4.0γ 0 , γ 1m = 7.5γ 0 , and γ 2m = 6.0γ 0 so that coherences and populations inevitably couple in the system dynamics. The time scales corresponding to the both sets of parameters are τ RWA ≈ 0.1 ps, τ R ≈ 0.2 ps, and τ S ≈ 3 ms both for the A-type and for the B-type fridge. The assumptions of Sec. 2.2 used for the derivation of the master equation (16)- (20) are thus fulfilled. The set of parameters which allows to describe the model dynamics by a classical stochastic process is used in Figs. 4 and 6. The parameter set which does not allow to describe the system dynamics by a classical stochastic process is used in Fig. 5 . In all the figures we plot dependencies of various quantities on two parameters α and ξ which prescribe the coefficients γ 12h and γ 12m in the following way In upper two panels of Figs. 4 and 5, we show the cooling flux q c and the total entropy production σ as functions of the parameter α. In the lower two panels, we show the ratios q c /q 0 and σ /σ 0 of the individual full curves depicted in the upper panels to the corresponding dashed curve. The ratio q c /q 0 depicts the gain in the cooling flux obtained due to the noise-induced coherence with respect to the classical situation. On the other hand, the ratio σ /σ 0 demonstrates the fact that with increased cooling flux the noise-induced- coherence enhanced fridges produce larger amount of entropy than the classical ones. As a result, although the noiseinduced coherence can enhance the cooling flux, it can not enhance any of the two efficiency measures q c /q h and q c /σ as demonstrated in Fig. 6 for the second one (the other measure q c /q h behaves very similarly and we thus do not show it).
Compared to the behavior of the A-type fridge depicted in Figs. 4 and 5, the B-type fridge exhibits the following quantitative differences: i) The cooling heat flux q c is approximately two times smaller; ii) The entropy production σ is approximately two times larger; iii) The ratio q c /q 0 c is slightly smaller; iv) The ratio σ /σ 0 is slightly larger. The maximum gain in the cooling flux obtained by employing the noise-induced coherence, both in the A-and B-type fridges, is for the used parameters ≈ 25% which is relatively close to the increase predicted in Sec. 6.1. The biggest difference between the two models is found in Fig. 6 -while the efficiency of the A-type fridge does not depend on the varied parameters α and ξ (as predicted in Eqs. (40) and (41)), the efficiency of the B-type fridge changes with both. The most important finding of this figure is that, although the noiseinduced coherence may enhance the cooling flux, the efficiency is always bounded by its classical value represented by the dashed line in the figure. This result is in accord with the findings of Refs. [33, 34, 35, 36] . These studies, however, treated models of periodically driven quantum machines, where coherences are not created by the noise, but rather by the driving itself. In such cases, the creation of coherences directly consumes part of the possible output power of the machine, thus decreasing its efficiency. Similar results to ours were also obtained for absorption refrigerators based on three linearly coupled harmonic oscillators [37, 38] .
From the point of view of the two parameter sets used in the illustrations, we find that the curves for the parameters which allow to describe the model dynamics by a classi- sin ξ Fig. 6 Figure of merit q c /σ for the A-type fridge (left) and for the B-type fridge (right) in the parameter regime which allows for the description using a classical stochastic process. In the parameter regime which does not allow for the classical description, the figures of merit obtained for the two models of refrigerators behave almost identically. The meaning of the individual lines and of the arrow is the same as in Fig. 4 . Detailed description and the parameters used are given in Sec. 6.2.
cal stochastic process in Fig. 4 do not reach the same limiting value in the limit α → 1 for various ξ 's. This manifests the finding of Sec. 6.1 that the maximum-coherence limit γ 12h,m → γ h,m of the cooling flux (and also of the entropy production) depends on the direction from which the point γ 12h,m = γ h,m is approached in the γ 12h,m -plane. For the parameter set which does not allow for the classical description, this somewhat strange behavior vanishes. The curves corresponding to all values of the parameter ξ attain the same limiting value for α → 1. While for the first set of parameters ("classical") the maximum cooling flux is always obtained in the limit α → 1, in the second regime ("quantum") the maximum cooling flux may be obtained for α < 1 as shown in Fig. 5 , where the yellow curve peaks at α ≈ 0.995.
Conclusions
We have studied in detail the performance of two model quantum absorption refrigerators with particular focus on the effects of noise-induced coherence. We have found a completely analogous behavior to that previously reported for quantum heat engines, i.e. coherences can enhance the power output but cannot increase the efficiency of engines and refrigerators. We have also put more attention to the distinction between "kinematic" coherences caused by the non-diagonal structure of the rate matrix, which can be under certain conditions fully removed by a suitable change of the basis, and truly dynamical quantum coherences revealed by an irreducible coupling of populations and coherences in the master equation. The noise-induced-coherence-based enhancement of the engine/refrigerator performance is invariably connected to the first type of the mechanism, while the influence of the true dynamical coherent coupling is far more subtle and in our view still requires further systematic studies before drawing a definite conclusion.
We have tested the quantumness of the refrigerators behavior both indirectly by studying suitable quantities (figures of merit) characterizing their thermodynamic perfor-mance as well as directly by evaluating the Leggett-Garg inequalities with the same output. Namely, we have found that the true quantum case (featuring dynamical coherence) does not exhibit in the stationary state any significant qualitative difference from the case which can be reformulated as a classical stochastic process and both cases show even very similar (although surely not identical) quantitative behavior. The only qualitative difference between the two cases is the ambiguity of the stationary state in the maximum coherence limit for the "classical" case caused by the formation of a totally decoupled dark state, which disappears in the truly quantum case with dynamical coherence coupling. There is no doubt significant difference between the two cases for transient dynamics or for correlation functions but at the level of the stationary state quantities the differences are minor. This finding does by no means invalidate the existence of the noise-induced-coherence-enhancement mechanism, it just places its origin into the realm of static quantum phenomena which can be successfully emulated by classical processes with suitably chosen parameters as was already observed for quantum heat engines. True irreducible quantum dynamics does not appear to bring anything qualitatively new.
